Abstract. New formulations of relativistic dissipative hydrodynamics are discussed in the context of possible applications to describe early stages of relativistic heavy-ion collisions. The efficacy of different approaches is tested by making comparisons with the exact solutions of the kinetic equation.
Introduction
Relativistic viscous hydrodynamics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] is the main building block in the standard model of relativistic heavyion collisions, which includes three important parts: the modeling of initial conditions, the application of relativistic hydrodynamics to describe the space-time evolution of matter, and, finally, the modeling of the freeze-out conditions. The inclusion of viscous effects is important as it improves the overall description of the data (as compared to earlier perfect-fluid applications) and makes the applied theory consistent with general physics arguments that the fluid viscosity cannot be zero [14, 15] .
Probably, the weakest point in the scheme outlined above is the transition from the initial state, which is very well described within the CGC theory or the Glauber model, to the hydrodynamic stage where one uses the concept of local thermalisation. The standard viscous hydrodynamics relies on the expansion around the local equilibrium state. This expansion may be questioned at the very early stages of relativistic heavy-ion collisions where the space-time gradients are large and the viscous corrections become very substantial in spite of the fact that the ratio of the shear viscosity to entropy density is minimal, η/s ∼ 1/(4π) [15] .
The results of microscopic models suggest that the initial longitudinal pressure is reduced to zero (or may take even negative values due to the presence of the longitudinal colour fields). Consequently, the viscous corrections at the very early stages of the collisions should be of the same order as the leading (equilibrium) term. This leads to several difficulties one may encounter in the application of the standard dissipative hydrodynamics [16] . Such problems initiated a new approach which is now referred to as anisotropic hydrodynamics (aHydro). The latter is based on the expansion in which large momentumspace anisotropies are built directly into the leading order [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The recent methods applied to improve the a e-mail: Wojciech.Florkowski@ifj.edu.pl efficacy of the more traditional hydrodynamic approaches include complete second-order treatments [27] and thirdorder treatments [28] [29] [30] ,
In this note we discuss the applications of standard viscous hydrodynamics and anisotropic hydrodynamics in the context of the exact solutions of the Boltzmann kinetic equation [31] [32] [33] . We consider a one-dimensional boostinvariant expansion, which may be a good approximation for the early dynamics.
In our earlier works, we studied the effects connected with the shear viscosity and showed that recent formulations of second-order viscous hydrodynamics [27] agree better with the exact solutions of the kinetic equation than the standard Israel-Stewart approach [1, 2] . Here, we concentrate in more detail on the effects connected with the bulk viscosity [34] . It has been argued that the finite bulk viscosity coefficient leads to improved description of the flow harmonics in ultracentral collisions [35] . On the theory side, it has been demonstrated that the correct description of the bulk viscous pressure demands the correct treatment of the bulk-viscous coupling [36, 37] .
Exact solutions of Boltzmann equation
Having in mind very early dynamics of the central rapidity region of heavy-ion collisions, we may assume that the produced system is boost-invariant and azimuthally symmetric. In this case, one can use a simple form of the kinetic equation [31] [32] [33] 
Here f (x, p) is the phase-space distribution function, τ = √ t 2 − z 2 is the longitudinal proper time, and τ eq is the relaxation time. The condition of boost invariance implies that f (x, p) may depend only on: τ, w and p T . The boostinvariant variable w is defined by the formula w = tp L −zE, where p L (p T ) is the longitudinal (transverse) momentum of a particle and E is its energy. The equilibrium background distribution function f eq appearing in Eq. (1) takes the form
where T is an effective temperature. The latter is obtained from the Landau matching condition that the energy density obtained from the distribution f is equal to the energy density obtained with the equilibrium distribution f eq . The first moment of the kinetic equation gives the energy-momentum tensor that should be conserved,
Using the symmetry properties of the distribution function, we rewrite (3) in the form [17, 22] 
where u μ = (t, 0, 0, z)/τ and z μ = (z, 0, 0, t)/τ. The fourvector z defines the beam direction. The energy density E and the two (longitudinal, P L , and transverse, P T ) pressures are defined as the integrals over the distribution function f multiplied by the appropriate combinations of the momentum. The factor g 0 in Eq. (3) describes internal degrees of freedom different than spin. The spin degeneracy is included explicitly in (2).
The initial condition at the time τ = τ 0 used to solve numerically Eq. (1) corresponds to the RomatschkeStrickland (RS) form of the distribution function [38] 
This form is reduced to an isotropic Boltzmann distribution if the anisotropy parameter ξ 0 = ξ(τ 0 ) is set equal to zero. In this case, the transverse momentum scale Λ 0 = Λ(τ 0 ) is equal to the system's initial temperature T 0 . The methods of solving Eq. (1) were explained in more detail in [31] [32] [33] .
The solution of the kinetic equation allows us to calculate the bulk viscous pressure from the formula
where P eq and E are connected through the equation of state (for the massive gas). In Fig. 1 the red solid curves show the time dependence of the bulk viscous pressure obtained from the kinetic equation for the two different initial conditions characterised by the momentum anisotropy parameter ξ 0 . The initial temperature of the system in the two cases is T 0 = 600 MeV, the effective particle mass is m = 300 MeV, and the equilibration time τ eq = 0.5 fm. We also take τ 0 = τ eq .
Bulk viscous pressure in dissipative and anisotropic hydrodynamics
The most common applications of dissipative hydrodynamics use the following three equations to determine the time evolution of the bulk pressure:
We have solved these equations with the initial conditions corresponding exactly to those used in the kinetic-theory approach described in the previous Section. The results are shown in Fig. 1 , with the cases (A), (B), and (C) corresponding to Eqs. (7), (8) , and (9) The dashed-dotted lines represent the predictions of aHydro formulated in Ref. [39] , while the dashed lines represent the predictions of Ref. [40] (figure taken from [40] ).
bulk pressure is directly expressed by the bulk viscosity, i.e., Π ζ = −ζ/τ. A surprising result of our comparisons is that none of the equations (7)- (9) reproduces correctly the numerical result.
In the anisotropic hydrodynamics approach introduced in Refs. [24, 39] , one assumes that the leading-order distribution function takes always the RS form with the parameters ξ and Λ depending on the proper time τ. The hydrodynamic equations are obtained from the first and second moments of the kinetic equation (1) . In a more recent formulation [40] , the leading-order phase-space distribution function depends on an extra parameterΦ, and the dynamic equations follow from the zeroth, first and second moments of the kinetic equation (1) 1 . The results obtained with the two versions of aHydro are presented in Fig. 2 and compared with the results of the kinetic theory. One finds that the inclusion of an additional parameter in the ansatz for the distribution function improves the agreement with the kinetic theory results. One also finds that aHydro describes the evolution of the bulk pressure significantly better than the dissipative hydrodynamics based on Eqs. (7)- (9) . Discrepancies between the results of the kinetic theory and dissipative hydrodynamics may be connected with the absence of the shear-bulk coupling in Eqs. (7)- (9) . This has been demonstrated recently in Refs. [36, 37] .
Conclusions
Detailed comparisons between the exact results of the kinetic theory and the predictions of hydrodynamic models allow us to choose the correct form of the hydrodynamic equations and kinetic coefficients. In this way, we select the appropriate structure of the hydrodynamic equations that may be used to model relativistic heavy-ion collisions. This procedure is especialy important in the case of the early stages of the collisions where large gradients require the use of more complete, higher-order approximations. Anisotropic hydrodynamics seems to be a very good alternative for these approaches.
In this note we have presented the analysis of onedimensional systems. Very recently, the exact solutions of the two-dimensional systems have become also available [42] [43] [44] (for the systems which are boost-invariant and azimuthally symmetric) but they are restricted to conformal systems. Therefore, they are suitable for studies of the effects connected with shear viscosity.
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